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DERIVWWW - WEB-BASED SYMBOLIC DIFFERENTIATION SYSTEM

Abstract. The article presents an online system for symbolic differentiation. It shows how
derivatives are calculated. The trees are used for internal representation of formulas. Derivatives
are generated by tree transformations. Presented algorithms are part of the microsystems simulator
Dero. They are required by the calculation algorithms such as Newton-Raphson. They can be used
to generate derivatives in model description languages and for automatic derivative calculation.
DerivWWW can be used in didactics. The system can serve as a tool for students to count function
derivatives at the point. It can also be used in teaching on the technical fields of study. Symbolic
derivatives are saved in the Tex format, allowing easy integration with other software. The
developed and implemented algorithms are discussed. Examples of use are given.
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1. INTRODUCTION

Simulators of analog electronic circuits [2, 14] have become an essential tool for
designers of electronic circuits and since the 90s of the last century also become a tool of
education. They are widely used in universities and more often in schools. They enable the
acceleration of the process of education and significant improvement of the quality of
education. The use of computer technology greatly reduces expenditures on laboratory
equipment. It allows the realization of the so-called virtual laboratories. It opens the way for
quick and easy self-education, and distance education.

Very rapid development of simulators in the 70s of the last century led to the
development of a number of advanced computing techniques [7, 5, 4, 15, 13]. In other areas,
progress was not as fast. More common problem was the simulation of systems with mixed
type of signals from different environments (since the early 90s of the twentieth century).
Advanced simulation techniques in the field of electronics were used in other fields. Methods
and tools that enable simulation of microsystems [1, 18] (e.g. the electro-mechanical systems)
were also developed. The basis of this type of system simulation is a behavioural description
of the system [3] in specially designed languages, such as: EMDL [6], MDL [12], VHDL-
AMS [9], Verilog [17]. They provide a description of the simulated system using formulas
(mathematical equations). Models of elements described in such languages can be used by
simulators. The main problem in behavioural modelling is to calculate partial derivative of
function. They are required by the calculation algorithms. Derivatives can be given explicitly.
In the case of more complex functions it is very cumbersome (the most common procedure
followed in the past). Derivatives can be also calculated numerically but it slows down the
process of simulation. The best solution is the automatic generation of derivatives in the
symbolic form. The symbolic form can be compiled into model code. It can be done during
reading of the model.

The aim of the article is to present the developed system of symbolic differentiation and
its possible practical application in didactics.
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2. THETHEORETICAL BACKGROUNDS

Automatic generation of derivatives in the symbolic form requires representation of the
formula in the form of tree [19]. The tree can be created during input parsing. The symbolic
representation of the derivative can be calculated by transforming the tree. The presented
algorithm is a simplified version of the algorithm developed for the Dero [12] simulator.

The tree shown has one root (Figure 1). It allows representation of the elementary
operations.

Figure 1: Tree

The elementary arithmetic operations are placed in the nodes. They are divided into two
groups:

— Dbasic operations: addition, subtraction, multiplication, division, exponentiation;

— function calls.

Variables (a,b) or constant values are located in the leaves of the tree. The branches p
and q indicate the nodes or leaves. The tree is created during formula parsing by the parser
module. The parser uses lexical analyzer (lex [8]) collaborating with yacc [8]. The formula is
represented in the computer memory in the form of a tree. The leaves should keep the
variables/constants while the elementary operations are placed in the vertices.

2.1. Differentiation algorithm

The algorithm transforms the tree to determine the derivative relative to the selected
variable placed in the leaf. Transformation begins from the root and ends on leaves. The
conversion is performed on the vertices of the tree. The transformed tree may have new
branches. Converted tree gives ability to generate symbolic representation of the data stored
in the tree. Representation of the basic mathematical operations and their derivatives is shown
in Figure 2. Symbol ' denotes the derivative. For example, the derivatives of basic expressions
are shown below:

(pq) = p 4
(pg) = pa+pd
/ /
p'q—pg
(p/q) = ———

q

The above shown transformations are shown in Algorithm 1. The algorithm starts at the
root. The first node of the tree wl (first layer) is converted, and then the lower level of nodes
(lower layer) is converted. The algorithm terminates when the leaves are achieved.
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(a) addition and subtraction (p £q)' =p' £q'

(+

p /CJ\\Q
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(b) multiplication (pq)' = p'q + pq'

N
=
()

(d) function f(p)' = fip)" * p’

Figure 2: Transformations of tree nodes for basic arithmetic operations
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Algorithm 1 Basic transformations of the tree.

1: ¢ - layer index

2: j - index in the layer

3: n; - the number of vertices in the layer
4: d - number of layers
cfori=d...1do

J

6 for j=1...n; do

7 transform the node w; in the layer i
8 end for

9: end for

Transformed tree describes the derivative with respect to all variables (tree leaves). In
order to generate the derivative with respect to one variable (e.g. p) the tree must be reduced.
Reduction of the tree removes the branches which are equals to 0. Let us consider the
derivative

(pq) =p'qa+pd

Its representation is shown in Figure 2b. If the derivative is calculated with respect to p,
then pq' equals 0, because ¢ is constant. The branch pg' can be reduced and it can be replaced
with the leaf with the O value (Figure 3). The process described above is realized by
Algorithm 2.

Algorithm 2 Reduction of tree branch.

I: ¢ - index layer, j - index in the layer

2: n, - the number of vertices in the layer
3: d - number of layers

4: for i =d... 1 do

5; for j=1...n; do

6: if w; =="+" then

7: if w; =>p==0w; —»q==0 then
8: eliminate node w;
9: end if

10: end if

11 if w; =='/' then

12: if w; — g =="0' then
13: error

14: end if

15: end if

16: if w; = p=="0" then
17: eliminate branch p

18: end if

19: if w; = g=='0then
20: eliminate branch ¢

21 end if

22 end for

23: end for

The algorithm takes into account all nodes from the lowest level, i.e. vertices located
close to the leaf. After reduction of all vertices of the lowest layer it goes to the higher level.
The algorithm terminates when reaches root of the tree. After that the tree contains the
calculated derivative with respect to the selected variable. Variables and constants are stored
in the leaves of the tree. The symbolic form of derivative can be automatically generated from
the tree. Generation of the symbolic form of derivative requires swap of the branches
(algorithm 3). Example of such conversion is shown in Figure 4.
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P i

Figure 3: Reduction of the tree branch for the multiplication operator

Algorithm 3 Generation of derivative in the symbolic form.

I: 7 - index layer

2: j - index in the layer

3: n; - the number of vertices in the layer
4: d - number of layers
s5:fori=d...1do

i for j=1...n; do

7: if w; =="+— %/ then

8: replace the leaf w; by the node [;
9: remember action p op ¢

10: lj + qu, +wj + qu,

1 else

12: replace the leaf w; by the node /;
13: remember action p op ¢

14: l; + f([)uu)

15: end if

16: end for

17: end for

The algorithm starts with the lowest level conversion of vertices. The vertex is replaced
by the leaf, which stores operation performed on the branches p and g. The algorithm
terminates when it reaches the root of the tree. The tree is reduced to a single leaf. Therefore
the leaf contains symbolic form of derivative.

a*xb

Figure 4: Generation of symbolic form for multiplication

2.2. Example

Let us consider the arithmetic expression (1) and its tree shown in Figure 5a.
a(b + dc) (D

The derivative of (1) with respect to a is shown in Figure 5b.
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(a) parsing tree

Figure 5: Representation of expression (1) and its derivatives

3. THE RESULTS AND DISCUSSION

(b) derivative with respect to a

The above algorithm has been implemented in practice in the simulator Dero [12, 13] in
more extended form. It has also been implemented as a separate package Deriv [11]. Deriv is
available as a separate package (*.deb) for Linux (Debian) operating system. The program is
written in C++. Its use is restricted by RSA key [16]. The basic arithmetic operators

(e.g.: +,-,/, *) as well as many built-in functions are implemented, e.g.:

abs(x)
floor(x)
one(x)
sqrt(x)
sin(x)
asin(x)
sinh(x)
cos(x)
acos(x)
cosh(x)
exp(x)
expo(x)
log(x)
log10(x)
min(x, y)
max(x, y)
tan(x)
atan(x)
tanh(x)

absolute value,

the largest integer value not greater than x,
number one,

square root,

sine,

arc sine,

hyperbolic sine,

cosine

arc cosine,

hyperbolic cosine,

exponential function,
exponential function with limits,
natural logarithm,

logarithm,

the smallest value of x or y,

the largest value of x or y,
tangent,

arc tangent,

hyperbolic tangent.

Documentation and examples are available in English and Polish. The program does not

have a graphical interface. It has to be run from the command line:

deriv -c certyficate.crt -i mytest.txt

where: certyficate.crt is the file containing RSA key certificate, myfest.txt is a sample input

file (listing 1). The syntax of the input file is described in the documentation of Deriv.
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Listing 1: A sample input file.

LOPTI DFDXVAL=1

JOPTI FDER=1

i| .OPTI DEBU_LEX=0

4| JFUNCTION INPUT(REAL x.REAL y)
5[ .LOCAL REAL xx. REAL aa:

o| .BEGIN
7| y=1:

8| x=0.5:

g PRINT("
io| PRINT("
1| PRINT(" 7k
12| PRINT("PARTIAL DERIVATIVES");
13| DFDX ( x42sx+1/y, y):

14[ DFDX ( x"2, y):

15| DFDX ( x*2, x);

16[ DFDX ( (x+1)"(x+2), X):

17| DFDX ( 1/x, x):

18 DFDX ( sin(x), x);

19| DFDX ( cos(x). x):

20| DFDX ( tan(x). x):

21| DFDX ( tanh(x+y), x):
22| DFDX ( atan(x+y), x).
23| DFDX ( tan(x+y). x):

24| DFDX ( expo(x+y), X}

25| DFDX ( exp(x+y). x):

| DFDX ( xfy, x);

27| DFDX ( sqri(1), x);

2| DFDX ( abs(x), x):

29| PRINT("———— —————————— ")
30[ DFDX ( asin(x), X):

PRINT{"——— — ———— ")
32| DFDX ( acos(x). x):

3| PRINT("= === e e ¥
| END

2 8

3.1. DerivWWW - Web interface for Deriv

DerivWWW was created as an interface to Deriv - http://deriv.aiva.pl. Documentation
and examples have been included. The calculated derivatives can be simplified by using the
right option. The client-server architecture was used. DerivWWW was designed and written
in PHPS [10]. It requires the apache2 web server. The derivatives are generated in the text
format, but they are displayed in the graphic format *.png because the system is dedicated for
humans, not robots.

LaTeX was used to generate the graphic file representing the derivative as well as the
graphical representation of the unique text which has to be recognized by human on the first
use.

3.2. The algorithm implemented in DerivWW WDeriv

DerivWWW works in the client-server architecture (Algorithm 4). The client is a web
browser. The data from the form are sent to the server. The server sends back the results or
generates error messages in the case of errors.

Algorithm 4 The algorithm of the system DerivWWW.

1: enter validation code - check whether human > on the client side
Require: input formula
2: send data to the server > on the server side

3: receive data

4: check authentication

5: validate data

6: save data in the file

7: run deriv

8: check execution errors

9: if errors occurs then

10: send error message

11: else

12: generate file for IXTEX describing the derivative
13: compile the IKTgX file

14: convert the IATEX output file to the graphic format
15: send the data back to the client

16: end ifEnd
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3.3. Examples

Examples of using DerivWWW are shown in Figure 6. The derivative in Figure 6¢ has
been simplified.

* @. Start* Deriv | DDerlv | @DULLII'IEHIELIUH \DExarlp\e | @Slalus |

Example x: 1 F(x): x72
Simplifying the mathematical fermulas

x|l F(x): |x*2 Send

r=1

gz 2.00-1 _ _

(a) f(x)=x2

R Start* Deriv | DDeriv | GDULLII'IEHIELIUH \DExal'lp\e | @tﬂalus |

Example x: 1 F(x): sin{x+1l)+cos{x)+tan{x}+x"~2

Simplifying the mathematical fermulas

x:|1 F(x): |sin{x+1)+cos(x)+tan(x)+x"2 Send
r=1
dl(((sm((z+1_nD))ZF;*S_(iJ)ﬁ-mn(z)Jﬂa | ((((1 + 0y cos((z + 1.003) + { 1)+ sin{z)} + m) +(2.00) + 22001} == 41679

(b) f(x) = sin(x + 1) + cos(x) + tan(x) + x2

* fﬁstan * Deriv | DDeri\r | DDULLII'IEHIHUUH \DExal'\ple | @tﬂalus |

Example x: 1 Fix): sin(x+1l)+cos(x)+tan(x)+x"2
Ld Simplifying the mathematical formulas

a1 E(x): [sin{x+1)+c0s (x) Han(x) 2 Send

r=1

e((atnl et 1.00) Looste)) prentzllt=2 WL _ (o 4+ 1.00)) 4 1)+ sin(z)) + o) + (2,00} + 220071} == 41679

dlz _q] cos{z)?

(c) f(x) = sin(x + 1) + cos(x) + tan(x) + x2 - the simplification
Figure 6: Examples

4. CONCLUSIONS AND PROSPECTS FOR FURTHER RESEARCH

The study shows the algorithm of symbolic derivatives generation by transformation of
a tree. The derivative with respect to the variable is generated by the tree reduction. The
algorithm has been practically implemented in the Deriv. Deriv allows the calculation of the
derivative at a point. In practical applications the presented algorithm may be inefficient. The
efficiency may be improved by storing additional data describing derivatives with respect to
the input variables. The modified and more complex algorithm has been implemented in the
simulator Dero [12].

The web based interface was created (DerivWWW). The system can be used in the
teaching process for such courses as:
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— numerical methods,

— programming,

— simulation systems.

DerivWWW was already used by students in the didactical process. At the moment the
further development of the Deriv is not planned as it is a part of the Dero [12]. DerivWWW
can easily be modified to commit individual requirements. The input language makes it easy
to integrate with other systems.
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DERIVWWW - CHCTEMA CUMBOJIIYHOT' O JU®EPEHIIIIOBAHHS HA BA3I
WEB TEXHOJIOI'TA

IMasen ILmackypa

JIOKTOP TEXHIYHHUX HAYK

(axyspTeT coliaibHUX HayK, yHiBepcuteT SlHa KouanoBcbkoro, dinig B [Tliorpkys TpuOyHanbcekoMy,
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AHoTanmisg. Y craTrTi NpeAcTaBlICHA EJICKTPOHHA CHMBOJIYHA cUCTeMa JU(EpeHIIiIOBaHHS.
[lokazaHo, $IK pO3PaxoBYIOTbCS NOXiAHI. JlepeBa BHKOPUCTOBYIOTBHCS MJIsI BHYTPIIIHBOTO
npencraBicHass ¢popmyi. [ToXimHi TeHEPYIOThCS IUITXOM TEepeTBOpeHHs nepeBa. [IpeacraBneHi
QITOPUTMHU € YAaCTHHOIO MiKpocucTeM cumyisitopa Dero. BoHm HeoOXimHI I PO3paxyHKY
aNropuTMiB, Takux sK HpioToH-Padcon. BoHm MOXyTh OyTH BUKOpHCTaHI I TeHeparlii
MOXITHUX Y MOBaxX OMHUCY MOJENi Ta Ui aBTOMaTHYHOTO PO3PaxyHKY MoXimgHuX. DerivWWW
MO’KHa BHKOPHUCTOBYBATH B AWAakTHIi. CHCTEMa MOXE CIYy)KUTH IHCTPYMEHTOM Il TOTO, 00
V4HI MOTJIM BifjpaxoByBaTh (YHKIIOHAJBHI TOXigHI B TOYIi. BoHa Takok Moxke OyTH
BUKOPHCTaHA Y BUKJIaJaHHI IPEIMETIB TeXHIYHOTrO HanpsiMy. CUMBOJIIUHI MOXiHI 30epiraoTbes y
¢dopmari Tex, 1110 1O3BOJISIE JIETKO IHTEIPYBATHCS 3 IHIIUM ITPOTPaMHKUM 3a0e3NeueHHsM. Y CTaTTi
00TOBOPIOIOTHCSI pO3pOOJICH] i yIpoBaKeHi anroputMu. HaBeaeHi mpukiagy iX BUKOPUCTAHHS.

Karouosi cnoBa: cuMBomiuHe nudepeHiiroBanHs; BeO-cucremy; iHcTpymeHnTH HaBuaHHs; IKT B
OCBITI
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AHHoTauusi. B cratee  mpeAcTaBiIeHAa  DJEKTPOHHAS  CHMBOJIMYECKas  CHCTEMa
muddepennupoBanus. [lokazaHo, Kak PacCUUTHIBAIOTCS MPOM3BOIHEBIE. JlepeBbsl MCIONB3YIOTCS
JUTL BHYTPEHHETO IpencTaBieHus Gpopmyir. [Ipon3BonHbIe TeHEPUPYIOTCS MyTeM IMpeoOpa3oBaHMs
nepesa. [IpeacraBieHHbIE aNTOPUTMBI SBJSIETCS YAacThI0O MHUKpocucTeM cumyisitopa Dero. Ounu
HCOOXOIUMBI JUIS pacueTa alrOpuTMOB, TakuxX Kak HeioToH-Padcona. Ouu Moryt OBITH
UCIIONB30BaHbl  JIIs T[CHEpaldd TMPOU3BOJHBIX B  SI3BIKAX OMNMCAHUS MOJCIH U JUIA
aBTOMAaTHYECKOTr0 pacuera npou3BoAHbIX. DerivWWW MOXHO HCNONB30BaTh B JIHUJAKTHKE.
CucrteMa MOXET CIY)KHTh HWHCTPYMEHTOM JUIS TOTO, YTOOBI YYCHUKH MOTJIA OTCUUTHIBATH
(yHKIMOHATBHBIC TIPOM3BOJAHBIC B Touke. OHAa TakKe MOXET OBITh HCIOJh30BAHA B
NPEMOJaBaHUK  MPEIMETOB TEXHHYECKOro HampaBieHusA. CHMBOJIMYECKHE IPOU3BOIHEIC
coxpaHsioTcs B popmare Tex, 4To MO3BOJIET JETKO MHTETPHPOBATHCS C IPYTHM MPOTPaMMHBIM
obecrieuerneM. B crathe 00cyxmatoTcst pa3paboTaHHBIC W BHEAPEHHBIE anropUTMEL. [IprBeaeHs!
TIPUMEPHI UX UCTIOIb30BaHUS.

KioueBble c¢jioBa: cuUMBOJIMYeCKoe AUPPEPEeHIUPOBAHUE;, BEO-CHCTEMBI, WHCTPYMEHTHI
obyuenns; UKT B oOpazoBanum.
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